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DEDICATED TO HIROSHI FUJITA IN HONOR OF HIS 70TH BIRTHDAY
w x ŽIn 27 Fujita showed that for positive solutions, the initial value problem in
N . pR for u s Du q u with p ) 1 exhibited the following behavior: If p - p ’t c
1 q 2rN, then the initial value problem does not have any nontrivial, non-negative
N w . Ž .solution existing on R = 0, ‘ a global solution , whereas if p ) p , there existc
global, small data, positive solutions as well as solutions which are non-global. We
w xcall such a result a blow-up theorem of Fujita type. In 50 , Levine discussed the
various theorems of this type that had appeared in the literature prior to 1990. In
this paper we revisit the literature since 1990. Q 2000 Academic Press
1. INTRODUCTION
w xIn his seminal paper 27 , Fujita considered the initial value problem:
u s Du q u p for x , t g R N = 0, ‘ ,Ž . Ž .t
1.1Ž .
u x , 0 s u x for x g R N ,Ž . Ž .0
1Ž N . Nwhere u g L R is nonnegative and positive on some subset of R of0
positive measure and D denotes the Laplacian in N variables.
85
0022-247Xr00 $35.00
Copyright Q 2000 by Academic Press
All rights of reproduction in any form reserved.
DENG AND LEVINE86
N w .Remark 1. More precisely, he considered this problem on R = 0, T
Ž . Ž . N w .for some T F q‘. A classical or weak solution of 1.1 on R = 0, T
Ž .for some T - q‘ is called a local in time solution. The supremum of all
such T 's for which a solution exists is called the maximal time of existence,
T . When T s q‘ we say the solution is global. When T - q‘,max max max
Ž . Žwe say the solution of 1.1 is not global or the solution ``blows up in finite
.time'' . This latter terminology is somewhat misleading as a solution of a
partial differential equation can cease to exist without actually becoming
unbounded. This typically happens through loss of regularity. For example,
Ž . Ž .for the initial value problem for u q uu s 0 with u x, 0 s u x wheret x 0
u is a bounded, continuously differentiable function, the classical solution0
Ž . Ž Ž ..is implicitly given by u x, t s u x y tu x, t and is hence bounded.0
However, if uX is somewhere negative, then it is easy to see that u cannot0
be continuously differentiable and in fact, both u and u will truly blowx t
up in finite time.
Remark 2. Throughout this paper we describe our problems on cylin-
w .drical sets of the form D = 0, ‘ . However, we tacitly understand that
three problems must be addressed.
Ž . w .1 Local existence. Does there exist a solution on D = 0, T for
Ž .some T g 0, ‘ ?
Ž .2 Global existence. Assuming the answer to the first question is
positive, T can be defined as in the preceding remark. Does T s q‘?max max
If so, we say the solution is global or that it exists for all time.
Ž . Ž .3 Global nonexistence finite time blow-up . Assuming the answer
to the first question is positive, is T - q‘? If so, we say the solutionmax
does not exist for all time or that it blows up in finite time. For parabolic
problems of the type considered here, global nonexistence and finite time
Ž 5 Ž .5 .blow-up in the sense that u ?, t “ q‘ usually go hand in hand.‘
We will always assume that we have a local solution. With these
conventions, we can now proceed to the main issues at hand.
Ž .Fujita established the following for 1.1 :
Ž . N Ž .1 If 1 - p - 1 q 2rN, then no solution can exist on R = 0, ‘ .
Ž .We say p belongs to the blow-up case.
Ž . N Ž .2 If p ) 1 q 2rN, then there exist solutions on R = 0, ‘ as
N Ž .well as solutions which exist on R = 0, T for some finite T but not on
N Ž . ŽR = 0, ‘ . We say p belongs to the global existence case. However, for
1 2< <Nthis p, not all solutions are global. Indeed, if H =u dxR 02
1 pq1 w x .Ny H u dx - 0, the solution cannot be global 49 .R 0p q 1
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By a solution, we mean a solution of the Volterra integral equation
u x , t s G x , y ; t u y dyŽ . Ž . Ž .H 0
NR
t pq G x , y ; t y h u y , h dy dh . 1.2Ž . Ž . Ž .H H
N0 R
Ž Ž . Ž .yN r2 Ž < < 2 .Here G x, y; t s 4p t exp y x y y r4 t , the standard heat kernel
N . w xin R . Later Hayakawa 38 showed that the number 1 q 2rN belongs to
Žthe blow-up case. Actually, Hayakawa showed this when N s 1, 2. It was
w x .later established in higher dimensions in 6, 46 . We call 1 q 2rN the
Žcritical blow-up exponent. A solution of the integral equation is not
Ž .necessarily a solution of 1.1 but whenever blow-up for all solutions of
Ž . Ž .1.2 holds, the same will be true for all solutions of 1.1 . The question of
Ž . Ž .the equivalence of solutions of 1.1 and solutions of 1.2 is discussed in
w x .39 among other places.
w xIn 50 Levine gave a fairly complete history of this problem and its
generalizations to that point in its history. Levine also included some
intuitive discussion of this result based upon the observations of Fujita and
others. It is the purpose of this paper to provide additional intuitive
insights and to record further extensions of this result to a wide variety of
w xproblems which have appeared since the publication of 50 .
w xWe shall not repeat the intuitive discussion of 50 here. However, let us
consider the Fujita result from a slightly different prospective. We can
Ž .view 1.1 as being the result of combining, in a single equation, the initial
value problems
y x , t s y p x , t for x , t g R N = 0, ‘ ,Ž . Ž . Ž . Ž .t
1.3Ž .
y x , 0 s u x for x g R NŽ . Ž .0
and
w x , t s Dw for x , t g R N = 0, ‘ ,Ž . Ž . Ž .t
1.4Ž .
w x , 0 s u x for x g R N .Ž . Ž .0
Clearly the solution of the first of these is given by
w Ž .xy 1r py1py1y x , t s u x 1 y p y 1 tu x , 1.5Ž . Ž . Ž . Ž . Ž .0 0
which cannot exist beyond the time
y1 yŽ py1.5 5 ‘T s T u s p y 1 u . 1.6Ž . Ž . Ž .L0 0
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The solution of the second of these is given by
w x , t s G x , y ; t u y dy , 1.7Ž . Ž . Ž . Ž .H 0
NR
which in turn satisfies the estimate
yŽ Nr2.15 5‘w ?, t F u t . 1.8Ž . Ž .LL 0
Ž . Ž Ž . .y1rŽ py1.Thus the solutions of 1.3 blow up in finite time like T u y t0
Ž . yN r2 Ž .while the solutions of 1.4 decay like t . We call the numbers 1r p y 1
and Nr2 the blow-up rate and the decay rate, respectively. The Fujita]
Ž .Hayakawa result says that if the blow-up rate for 1.3 exceeds or is the
Ž .same as the decay rate for 1.4 , then no nontrivial, non-negative solution
Ž .of 1.1 can be global while if the blow-up rate is smaller than the decay
Ž .rate, both global nontrivial and non-global positive solutions of 1.1 exist.
w xA nice proof of the Fujita]Hayakawa result may be found in 83 by
Weissler. His proof is based in part on the iteration scheme of Aronson]
w xWeinberger 6 . The final estimates given there are easily written down for
w xthe problem above. For example it can be established by iteration, 6 , that
Ž .whenever we have a solution of 1.2 , then we also have as a consequence
that the initial data must satisfy the inequality
t1rŽ py1.w x , t s t1rŽ py1. G x , y ; t u y dy F C p 1.9Ž . Ž . Ž . Ž . Ž .H 0
NR
on the existence interval of the solution for some computable constant
Ž .C p . The first part of Fujita's theorem follows immediately from this if
the blow-up rate exceeds the decay rate, since by the dominated conver-
Nr2 Ž . Ž .yN r2 5 5 1gence theorem t w x, t “ 4p u as t “ ‘.L0
The critical case is more delicate. Suffice it to say that the power growth
Ž .of the left-hand side of 1.9 in time is replaced by logarithmic growth in
w xtime 83 .
On the other hand, it is not too hard to show from the maximum
principle that as long as
t py1
‘p y 1 w ?, s ds - 1,Ž . Ž .H L
0
Ž .then solutions of 1.1 will satisfy
w x , tŽ .
u x , t F ,Ž . Ž .1r py1
t py11 y p y 1 w x , s dsŽ . Ž .H
0
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since then the right-hand side of this equation will be a super solution of
Ž .1.1 for as long as it exists.
Moreover, if the decay rate is larger than the blow-up rate, it is not too
1Ž N .hard to show that we can choose u positive, in L R , and so small that0
‘ py1
‘p y 1 w ?, s ds - 1.Ž . Ž .H L
0
With initial data so chosen, it follows that solutions with such initial values
Ž w x .will exist for all time. More precise statements are given in 83 .
In the following sections, we discuss a number of recent results which,
w xlike those discussed in 50 , have the same flavor as the Fujita]Hayakawa
result. That is, we have some initial or initial-boundary value problem
which can be viewed as the conjoining of a problem whose solutions have a
well-defined decay rate with that of a problem whose solutions have a
well-defined blow-up rate. Then the question becomes the following: Is it
true that we have a Fujita]Hayakawa-type theorem for the conjoined
problem? That is, do we have no nontrivial, non-negative global solutions
if the blow-up rate exceeds or equals the decay rate and do we have both
global, nontrivial, small data solutions as well as non-global solutions if the
blow-up rate is smaller than the decay rate?
A question related to this is that of the following: How can we deter-
mine what form the results should take? In other words, how can we
determine the blow-up rate and the decay rate for each problem?
Let us dispose of this second question first. In many cases, it is fairly
clear what the blow-up rate and the decay rate must be. However, in
certain problems, it is not so clear as to what differential equation replaces
Ž .1.3 . We will give examples of this later. Sometimes, the following device,
based on a scaling argument, is useful. If we set x s l1r2 y, t s lt and
Ž . b Ž . Ž . Ž .¤ y, t s l u x, t in 1.1 and choose b such that ¤ also satisfies 1.1 , i.e.,
Ž . Ž .such that 1.1 is invariant under this scaling, then b s 1r p y 1 which is
Ž .precisely the blow-up rate for 1.1 . Unfortunately this technique for
Ždetermining the blow-up rate does not always work. See the section on
.systems below. However, as a technique for making an educated guess, it
is a good one. Once we have found the correct power above, we then look
yb 'Ž . Ž .for solutions of the form u x, t s t f xr t so called similarity solu-
Ž .tions. Such solutions will be singular with the desired blow-up rate at
'< < Ž . Ž .t s 0 along any parabola x s l t for which f l / 0. The function f j
must then be a nontrivial, non-negative solution of the partial differential
equation
1 1
pD u q j ? = u q u q u s 0.j j2 p y 1
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Global nonexistence can then be established by constructing sub-solutions
yb 'Ž . Ž . Ž .of the form u x, t s T y t f xr T y t , where now f need only
satisfy the differential inequality
1 1
pD f y j ? = f y f q f G 0.j j2 p y 1
Ž . Ž .ybSimilarly, global super solutions of the form u x, t s T q t
'Ž .g xr T q t can be constructed, when the decay rate exceeds the blow-up
Ž .rate. Now the function g ? must satisfy
1 1
pD g q j ? = g q g q g F 0.j j2 p y 1
Ž yBj 2 .Here f , g have the form Ae with A, B ) 0. These ideas have been
w xused with much success in 29, 30, 31, 32 to mention just a few places.
Suppose that the problem for which we have decay of solutions is linear,
then the first question can be formulated somewhat more generally as
Ž . Ž .follows: Suppose that we are given two analytic semi-groups R ? , S ?
Ž . Ž .which could in fact be the same and a nonlinearity f ? defined on some
subset of a Banach space. We assume that we have precise information on
the asymptotic rates of decay of these two semi-groups. We also assume
Ž . 5 5some information on how f u grows when u is large. We ask: Under
Ž . Ž . Ž .what conditions on R ? , S ? and f ? will there be Fujita or Fujita]
Hayakawa-type blow-up theorems for solutions of abstract Volterra inte-
gral equations of the form
t
u t s R t u 0 q S t y h f u h dh ? 1.10Ž . Ž . Ž . Ž . Ž . Ž .Ž .H
0
Not all of the problems we list below fall into the abstract setting of
Ž . Ž .1.10 . For example, let us replace 1.1 by
u s Dum q u p for x , t g R N = 0, ‘ ,Ž . Ž .t
1.11Ž .
u x , 0 s u x for x g R N ,Ž . Ž .0
1Ž N .where m ) 1 while u g L R is non-negative and positive on some0
subset of R N of positive measure. It goes without saying that it is not
Ž . Ž .possible to have a representation formula of the form 1.10 for 1.11
since we do not have a semi-group representation for solutions of the
m Ž . Ž .problem u s Du q f ?, t , u 0 s u when m / 1. Nonetheless, similart 0
results can be derived here. It is known that there are solutions of the
yb Ž a .form t f xrt for some a , b ) 0 of the initial value problem for the
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porous medium equation
w s Dw m for x , t g R N = 0, ‘ ,Ž . Ž .t
1.12Ž .
u x , 0 s u x for x g R NŽ . Ž .0
which are not only compactly supported but they also decay, in time, with
w Ž . x Ždecay rate b s Nr N m y 1 q 2 These solutions are sometimes re-
w x .ferred to as Barenblatt solutions 30 . Therefore we expect that there will
be no non-negative, nontrivial global solutions of this problem if 1 - p -
Ž .m q 2rN ’ p m, N while both global and non-global positive solutions
Ž w x .exist if p ) m q 2rN. See 30 . The critical case was recently proved to
w xbe in the blow-up case in 29 . A general approach to such problems has
w xbeen given in 32 . In the sections that follow we give a number of
examples that fall into this framework.
The outline of the remainder of the paper is as follows.
I. Results for single equations with semi-linear source term in the
equation.
A. Semi-linear problems in exterior domains.
B. Quasi-linear and nonlinear equations.
C. Non-autonomous equations.
D. Nonlocal forcing terms and very localized forcing terms.
E. Solutions which change sign.
F. Product domains.
G. Equations with nonlinear convection.
H. Problems with homogeneous Neumann boundary conditions.
II. Results for equations with inhomogeneous boundary conditions.
A. Source terms on the boundary.
B. Dynamical boundary conditions.
III. Results for cooperative systems of equations.
A. Completely and incompletely coupled systems.
B. Systems coupled entirely or partially through the boundary condi-
tions.
IV. Open problems.
Remark 3. As we remarked above, the theme of this paper is restricted
only to the issue of Fujita]Hayakawa results which have appeared since
Ž .the earlier survey or which may have been overlooked in that survey .
However, there is a vast literature on the phenomenon of singularity
Žformation including blow-up, quenching and issues of loss of regularity as
.in shock formation, for example and what happens beyond singularity
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formation. Moreover, there are questions about the nature of the blow-up
set, issues involved in establishing the precise asymptotic beha¤ior near the
singular points. There are a number of papers for which asymptotics for
blow up have been established, under the assumption that blow-up occurs
but for which blow-up has not been established.
A complete survey of these and related topics would take us too far
w xfrom the issue at hand. However, we want to mention the survey 7 which,
while not claimed by the authors to be a complete survey of these other
issues, can provide the reader with an introduction to some of them. Four
w xother sources of literature include 10, 67, 68, 69 although by now, some of
the literature cited in these may be somewhat dated. Again, no claim to
completeness was made in any of these sources or in the articles contained
therein.
There does not seem to be any corresponding, if incomplete, survey of
such issues for parabolic systems, at least to our knowledge.
Although the main focus of this paper is concerned with parabolic
problems, we want to draw the reader's attention to the fact that the
critical exponent issue for the Cauchy problem for the semi-linear wave
< < p Ž w xequation u s Du q u has now been completely resolved see 35 andt t
.the references cited therein . Moreover, several authors have begun to
study the critical exponent question for the Cauchy problem for the system
< < p < < q Ž w x.u s Du q ¤ , ¤ s D¤ q u see 14, 15, 16, 47, 48 .t t t t
2. RESULTS FOR SINGLE EQUATIONS WITH
SEMI-LINEAR SOURCE TERM IN THE EQUATION
Consider the problem
u s Du q u p for x , t g D = 0, ‘ ,Ž . Ž .t
u x , t s 0 for x , t g › D = 0, ‘ , 2.1Ž . Ž . Ž . Ž .
u x , 0 s u x for x g D ,Ž . Ž .0
where now D is a domain in R N with boundary › D and bounded
w xcomplement. In 8 , it was shown that Fujita's statement held for this
w xproblem also. However, the critical case was left open 50 . Comparison
arguments show us that it suffices to establish what happens in the critical
case if the complement of D is a ball. Recently, using a very clever scaling
argument as well as this observation, it has been shown that as in the full
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space problem, the critical exponent is also in the blow-up case. More
w xprecisely, in 66 it was shown that for the problem
u s Dum q u p for x , t g D = 0, ‘ ,Ž . Ž .t
u x , t s 0 for x , t g › D = 0, ‘ , 2.2Ž . Ž . Ž . Ž .
u x , 0 s u x for x g D ,Ž . Ž .0
Ž . Ž .the critical exponent is p m, N if D has bounded including empty
w x Ž .complement. This extends 8 to 2.2 for exterior problems. Moreover, it
w x Ž .was shown in 80 that when N G 3 then p m, N belongs to the blow-up
case.
N Ž .In the case that D s R but with max 0, 1 y 2rN - m - 1, the case
w x Ž .of fast diffusion, in 74 it was shown that p m, N is the critical exponent.
w x Ž .Later, in 65 Mochizuki and Mukai showed that p m, N is in the blow-up
case.
Ž . Ž .The problems 1.11 and 2.2 are, in their turn, special cases of the
more general problem:
< < s m pu s = ? =u =u q u for x , t g D = 0, ‘ ,Ž . Ž . Ž .t
u x , t s 0 for x , t g › D = 0, ‘ , 2.3Ž . Ž . Ž . Ž .
u x , 0 s u x for x g D ,Ž . Ž .0
N w x w xwhich, in the case D s R was discussed in 29 and 28 when m s 1. As
w x Ž .was argued in 32 , the critical exponent for the problem 2.3 is
s q 2
p s , m , N s m q s q . 2.4Ž . Ž .
N
Moreover, this number is in the blow-up case. Here the restriction m ) 1
Ž .y s y s q 2 rN is imposed in order to guarantee the existence of
certain generalized Barenblatt similarity solutions. These similarity solu-
tions decay like ty1rŽ pŽs , m , N .y1. and the result is therefore consistent with
the motivation described in the introduction. It is probably the case that
when D has bounded, but nonempty complement, the critical exponent is
unchanged and remains in the blow-up case. As far as the authors know,
no proof of this assertion has been given.
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A general prescription for treating the quasi-linear problems above as
well as fully nonlinear problems such as
< < my 1 pu s u u q u for x , t g R = 0, ‘ ,Ž . Ž .t x x x x
u x , t s 0 for x , t g › R = 0, ‘ , 2.5Ž . Ž . Ž . Ž .
u x , 0 s u x for x g RŽ . Ž .0
w xis discussed in 32 . Like all of the results for which the diffusive term is
not linear, it relies on two ideas which we formulate for an ``abstract''
nonlinear equation of the form:
u s A u q F u . 2.6Ž . Ž . Ž .t
Ž Ž . < < py1 . Ž .We have in mind in most of what follows, that F u s u u. Here A ?
is a second order parabolic operator in the most general sense of the term.
ŽThe Hessian matrix of its second derivatives is positive semidefinite. See
w x . Ž .73, p. 187 for a complete definition. Under these conditions u y A u Gt
Ž . Ž . Ž .¤ y A ¤ implies that u ?, t G ¤ ?, t if u, ¤ satisfy the same initial condi-t
Žtions. The correct order for the boundary conditions is subsumed as a part
.of the differential inequality. A similar comparison principle is assumed to
Ž . Ž . Ž . Ž . Žhold when u, ¤ satisfy u y A u y F u G ¤ y A ¤ y F ¤ . In the caset t
Ž .of nonlocal nonlinearities F ? , this does not automatically follow and
.indeed, may not always hold.
First, there should be a family of self-similar sub-solutions of the
Ž .problem when the source term F u is not present. These sub-solutions
Ž . ym Ž . nshould be of the form ¤# x, t s t u z , a where a ) 0 and z s xt for
Ž .some positive numbers m, n . We also assume that u ?, a “ 0 as a “ 0
uniformly. This family of sub-solutions is assumed to correctly describe the
Ž .minimal behavior of solutions of ¤ s A ¤ . That is, for every ¤ k 0,t 0
Ž . Ž .there are a ) 0, t ) 0 such that ¤ ?, t G ¤# ?, a for t G t .0 0
Secondly, the equation with source term should admit self-similar non-
Ž .ya Ž . Ž .ybglobal sub-solutions of the form u s T y t f j where j s x T y t
with a ) 0, b and f k 0.
Moreover, there should be a compatibility condition between these
sub-solutions. That is, there should exist positive constants c, C such that
Ž . Ž .for all a ) 0, we have the inequality f j - Cu cj , a .
Ž .For the example 2.5 above, all the conditions mentioned above are
w xmet. Moreover, in this case, it was shown in 32 that the critical exponent
is always 1 q 1rm and that it belongs to the blow-up case. The difficulty
w xhere is in finding the number m. Its existence was shown in 11 where m
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and the non-negative, symmetric, smooth and compactly supported func-
Ž .tion u z satisfy
m 1 y m q 1Ž .my 1
u 0 z u 0 z q nzu 9 q mu s 0, n sŽ . Ž .
2m
Ž .with u 0 s a.
Turning next to the issue of non-autonomous equations, consider the
problem
u s Du q a x , t u p for x , t g D = 0, ‘ ,Ž . Ž . Ž .t
u x , t s 0 for x , t g › D = 0, ‘ , 2.7Ž . Ž . Ž . Ž .
u x , 0 s u x for x g D ,Ž . Ž .0
where now D is an unbounded domain in R N with boundary › D and
Ž . k < < sa x, t s t x with k G 0 and s ) y2. A scaling argument with x s
1r2 Ž . b Ž .l y, t s lt , and ¤ y, t s l u x, t suggests that the blow-up rate
Ž . Ž .should be b s 2 q 2k q s r2 p y 1 . On the other hand, the decay rate
for solutions of the heat equation is Nr2 when D s R N or D is the
exterior of a bounded domain. Comparing the blow-up and decay rates, we
expect that
2 q 2k q s
p N , k , s s 1 q .Ž .c N
Ž w x .which is indeed the case see 50 for reference .
Ž .Suppose D is a cone, i.e., a set of the form 0, ‘ = V where V is an
open subset of S Ny1. Let v denote the first Helmholtz eigenvalue for the1
Laplace]Beltrami operator on V. Then the decay rate for solutions of
Ž .the heat equation on D is N q g r2, where g is the positive root ofq q
2 Ž .g q N y 2 g y v s 0. Therefore the critical exponent should be1
2 q 2k q s
p v , k , s s 1 q .Ž .c 1 N q gq
w xSuch results were obtained in 36, 53, 54 .
When s s 0, in the case of R N or D a cone, it is known that this
number is in the blow-up case. However, when s / 0, this was not known
w xuntil recently. Pinsky 71 has recently revisited these questions.
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Pinsky's results are interesting from a number of points of view. First, he
is interested in proving global nonexistence for all non-negative solutions
of
u s Du q a x , t u p for x , t g D = 0, ‘ ,Ž . Ž . Ž .t
u x , t s 0 for x , t g › D = 0, ‘ , 2.8Ž . Ž . Ž . Ž .
u x , 0 s u x for x g D ,Ž . Ž .0
Ž . Ž .where now a x, t s a x G 0. Since no growth restrictions are made on
Ž .the solution, instead of 1.2 Pinsky considers solutions of
u x , t G G x , y ; t u y dyŽ . Ž . Ž .H 0
NR
t pq G x , y ; t y h a y u y , h dy dh . 2.9Ž . Ž . Ž . Ž .H H
N0 R
N Ž .Secondly, Pinsky shows, in the case D s R N G 2 that in fact
Ž .p N, 0, s does belong to the blow-up case. In order to do this he assumesc
Ž . a Ž N . < < s Ž . < < sthat a ? g C R and for some s ) y2, 0 - c x F a x F c x for1 2
Ž . Ž . Ž .x in the exterior of a large ball. When N s 1, p 1, 0, s s max 3 q s , 2c
w . Ž < < sfor any s g y‘, ‘ . When s s y‘, we interpret the inequality c x F1
Ž . < < s < < Ž . .a x F c x for x G R to mean that a x has compact support. Thus2
Ž x Ž .for p g 1, 2 , the solution of 2.8 blows up in finite time for arbitrarily
fast decay of a.
w xWe encourage the reader to see 71 for a precise statement of Pinsky's
results.
Let us consider a somewhat more general problem as follows:
m k < < s p Nu s Du q t x u for x , t g R = 0, ‘ ,Ž . Ž .t
2.10Ž .
u x , 0 s u x for x g R N .Ž . Ž .0
m Ž . b Ž .Again the scaling argument with x s l y, t s lt and ¤ y, t s l u x, t
w Ž . x w Ž .yields the candidate for the blow-up rate: b s 2 k q 1 q s r 2 p y 1
Ž . x mq m y 1 s . Setting this number equal to the decay rate for w s Dwt
N w Ž . xin R , Nr N m y 1 q 2 , leads us to predict that the critical exponent
should be
2 q 2k q s
p N , m , k , s s m q k m y 1 q ,Ž . Ž .c N
w xwhich was shown in 75 .
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Ž . Ž .Closely related to the non-autonomous problem 2.7 with s s 0 is the
w xfollowing nonlocal problem 32 :
Ž .py1 rq
q ru s Du q K y u y , t dy u x , tŽ . Ž . Ž .Ht ž /NR
for x , t g R N = 0, ‘ , 2.11Ž . Ž . Ž .
u x , 0 s u x G 0 for x g R N .Ž . Ž .0
We assume that p G 1, r G 1, p q r ) 2, and 1 F q - ‘ while K is a
non-negative measurable function on R N. For such nonlocal equations, we
w xhave a comparison principle on bounded domains 18 which has a natural
extension to unbounded domains in much the same manner as for local
equations. Here the decay rate for the linear equation is again Nr2.
However, in order to use the scaling argument to determine the blow-up
Ž .rate, we must assume that K ? is homogeneous in y of some degree m.
1r2 Ž . b Ž .Let y s l j , t s lt , and ¤ j , t s l u y, t . A computation shows that
wŽ .Ž . x Ž .b s p y 1 N q m q 2 q r2 q p q r y 2 . Comparison of this number
with the decay rate Nr2 then yields
q 2 y r y 1 NŽ .
p s 1 q . 2.12Ž .c ym q q y 1 NŽ .
w x Ž .In 32 Galaktionov and Levine established the following Theorem 1.1
Ž Ž . .K ? is not required to be homogeneous for these results :
Ž . 1Ž N .1 If in addition to the above conditions, K g L R then the
Ž . Ž .critical exponent for 2.11 is given by p s p r s 2 y r q 2rN and thisc
Žnumber is in the blow-up case for any r with 1 F r - 1 q 2rN. Notice
.that there is no dependence upon q. Of course one can look at the critical
Ž . Ž .exponent as r p s 1 y p q 1 q 2rN. In this form we see that thec
nonlocal factor has an inhibiting effect on blow-up. If p - 1, our argu-
ments fail because the nonlinearity is no longer monotone increasing in
the nonlocal variable
Ž .py1 rq
qz ’ K y , t u y , t dy .Ž . Ž .Hž /NR
It is also clear that this result is formally a consequence of our observa-
tion that the critical exponent occurs when the blow-up rate is the same as
Žthe decay rate. In this case the blow-up rate is found from specializing to
solutions which are independent of x and hence the blow-up rate must be
Ž . .1r p q r y 2 .
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Ž . 1Ž N .2 Here, assume that K f L R in addition to the above conditions
on p, q, r and the sign condition on the kernel. Furthermore, assume that
Ž < <. Ž . Ž < <. < <k x F K x F k x for large x and that the functions k satisfy, for1 2 i
positive constants c , c , the following:1 2
Ž . X X Ž . yba For r 4 1, k G 0 or else k F 0 and k r G c r for some1 1 1 1
b G 0.
Ž . Ž . ygb For large r, k r F c r for some g F N.2 2
Ž .Necessarily b G g . Now set
q 2 y r y 1 NŽ .
p r s 1 q ,Ž .
b q q y 1 NŽ .
q 2 y r y 1 NŽ .
p r s 1 q .Ž .
g q q y 1 NŽ .
Ž .If 1 - p - p so that necessarily r - 1 q 2rN all nontrivial solutions are
Ž .non-global while if p ) max 1, p , there are both global, nontrivial solu-
tions as well as non-global solutions.
Alternatively, we can define
2 p y 1
r p s 1 q 1 y N q y 1 q b ,Ž . Ž .½ 5N 2 q
2 p y 1
r p s 1 q 1 y N q y 1 q g .Ž . Ž .½ 5N 2 q
w xThus the critical exponent must be in the interval r, r . When b s g , the
interval is a single point. Otherwise we are unable to say more about r .c
This is an example of an ``ambiguous critical exponent.'' Note that if b s g
Ž < <yb . < < Ž .and K is homogeneous in y with K s O y for y 4 1 then p rc
Ž .takes exactly the same form as in 2.12 . Also notice that when q s r s 1
Ž . Ž .and b s g , r p and p r are independent of N. For any q G 1,c c
Ž . Ž .r p - r 1 , which again reflects the smoothing effect of the nonlocalc c
term.
In precisely the opposite direction from nonlocal problems are the two
w x w .types of localized problems considered by Souplet 77 . Suppose x : 0, ‘0
“ R N is a Holder continuous function. Souplet considers the problem:È
u s Du q u p x t , t for x , t g R N = 0, ‘ ,Ž . Ž . Ž .Ž .t 0
2.13Ž .
u x , 0 s u x G 0 for x g R N .Ž . Ž .0
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Souplet proves that if u is somewhere positive, then the solution is never0
global, that is, p s q‘. Souplet also shows that the solution blows upc
Ž .uniformly in x at the same rate, 1r p y 1 .
On the other hand, Souplet considers
u s Du q uq x , t u pyq 0, t for x , t g R N = 0, ‘ ,Ž . Ž . Ž . Ž .t
2.14Ž .
u x , 0 s u x G 0 for x g R N ,Ž . Ž .0
where p ) q G 1. It is also shown that if p ) 1 q 2rN, then there are
Ž .both global and non-global nontrivial, non-negative solutions of 2.14
whereas if p F 1 q 2rN, then all such solutions blow up in finite time.
w xIn a recent paper 62 , Mizoguchi and Yanagida considered the follow-
ing problem:
< < py1u s u q u u for x , t g R = 0, ‘ ,Ž . Ž .t x x 2.15Ž .
u x , 0 s u x for x g R .Ž . Ž .0
They were concerned with the questions of global existence and global
Ž .nonexistence for solutions of 2.15 for which there is a positive integer k
Ž .such that for all t in the existence interval, u ?, t changed sign precisely k
times. In order to describe their results, let S denote the set of continu-k
ous functions on R which change sign exactly k times and belong to the
Hilbert space
2 21H R ’ f f x q f9 x r x dx - ‘ ,Ž . Ž . Ž . Ž .Hr ½ 5
R
Ž . Ž 2 .where r x s exp x r4 .
Ž . Ž .They proved that p k s 1 q 2r k q 1 is the critical exponent on S .c k
Ž .That is, if 1 - p F p k , then on solution with initial values in S can bec k
Ž .global while if p ) p k , then both global, nontrivial and non-globalc
solutions exist with initial data in S .k
The result is interesting on three counts. First, it is the only result which,
to our knowledge, is of the Fujita type for solutions of non-constant sign.
Secondly, it makes use of a variant of the weighted Hilbert space theory of
w x Ž .45 . Thirdly, the form of p k is not an obvious consequence of ourc
Žsimple comparison of a blow-up rate with a decay rate except when
.k s 0 .
Unfortunately, it also uses the ``intersection-comparison'' theory or
Sturm comparison theory developed for ordinary differential equations
and used to advantage by many authors, some of whom refer to arguments
based on this theory as ``lap number arguments.'' We say ``unfortunately''
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because, except in a limited number of cases, this theory is useful essen-
tially only for diffusion problems in one space dimension. This argument is
coupled with arguments from the dynamical systems theory to obtain the
desired results.
w xIn order to understand the result as well as the methodology of 62 , one
Ž .1r2 smakes the self-similar change of variable x s t q 1 y, t s e y 1 and
Ž . Ž .1rŽ py1. Ž . Ž .¤ y, s s t q 1 u x, t in 2.15 and obtains
y 1 py1< <¤ s ¤ q ¤ q ¤ q ¤ ¤ y , s g R = 0, ‘ ,Ž . Ž .s y y y2 p y 1
2.16Ž .
¤ y , 0 s u y x g R .Ž . Ž .0
The linear operator L defined by
y 1
Lw s w q w q wy y y2 p y 1
 Ž .4‘has a complete set of eigenfunctions, f y , given byj js1
d j 2yŽ y r4.w y s eŽ .j jdy
with corresponding eigenvalues
1 j q 1
l s y . 2.17Ž .j p y 1 2
Ž .Of course f y has precisely j sign changes.j
Ž .The first observation is that if one has a global solution of 2.16 which
converges to zero in H 1 as s “ ‘, then for some j G 0,r
¤ sŽ .
lim s "w .j
1¤ ss“‘ Ž . Hr
Ž w x . Ž .See 5, 12 . Suppose first that 1 - p - 1 q 2r k q 1 , that is, l ) 0,k
and u g S . Suppose the solution is global. Then, using dynamical sys-0 k
tems arguments, it follows that the v-limit set of u ,0
1v u s w ¤ s “ w in H on some sequence s “ q‘ ,Ž . Ž .½ 50 n r n
Ž .consists entirely of equilibrium solutions of 2.16. .
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Using lap number arguments, it follows that at each time level, the
Ž . Ž . Žsolution ¤ ?, s of 2.16 is in S for some j F k. The lap number is thej
number of sign changes of the solution at a given time level. It is
reasonable to expect, on physical grounds, that for diffusion equations, this
number should not increase with time. In fact this statement can be made
rigorous by arguments that are used to prove the Sturmian comparison
w xtheorems of ordinary differential equations. See 58 for a modern ap-
w x .proach and 79 for the first appearance of this idea in the literature.
Multiplying the stationary equation by rf and integrating over anyk
interval where both the stationary solution and f have the same sign, itk
Ž .follows that there are no elements of v u with j sign changes where0
j F k. This means that the solution must be on the stable manifold of the
trivial solution and hence converges to zero in H 1.r
Ž .Therefore, by 2.17 , one concludes that the number of sign changes of ¤
must ultimately satisfy j ) k q 1, since for ¤ to be on the stable manifold,
l must be negative. This yields the desired contradiction.j
Ž . Ž .When p s 1 q 2r k q 1 , it is possible to have j s k in 2.17 . In order
Ž .to exclude this possibility, one calculates the first derivative of F s ’
< < 2 Ž .H ¤f r dy and integrates by parts to observe that F ? must be increas-R k
ing for sufficiently large s. Hence the solution cannot converge to zero in
H 1. Then one can show that the solution must blow up in finite time byr
w xusing a concavity argument 62 .
Ž .When p ) 2r k q 1 , l - 0. The authors argue that it is possible tok
construct a solution with initial data in the following subspace of the stable
manifold:
W s u ¤ s s O exp l s as s “ q‘ .Ž . Ž . 4Ž .k 0 k
The argument is roughly this. The closed subspace of H 1 spanned byr
 < 4w j G k is the tangent space of W . Thus, for e sufficiently small, therej k
Ž . Ž .are functions a for j s 1 ??? k y 1 with a e s o e and such thatj j
ky1
e¤ y ’ ew y q a e w y g W .Ž . Ž . Ž . Ž .Ýk j j K
js0
Ž .The solution of 2.16 with this function as initial datum must be global
and converge to zero in H 1. Moreover, by taking e sufficiently small, it isr
easily seen that ¤ e has precisely k zeros and hence is in S .k
w x w xThe result of 62 was further refined in 63 by weakening the conditions
at x s "‘ on the initial datum, u , for which the conclusions hold.0
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Ohta and Kaneko have considered Fujita-type blow-up theorems from
w xanother point of view. In 70 , they consider
u s Du q u p for x , t g D = 0, ‘ ,Ž . Ž .t
u x , t s 0 for x , t g › D = 0, ‘ , 2.18Ž . Ž . Ž . Ž .
u x , 0 s u x G 0 for x g D ,Ž . Ž .0
where now D s D = D with D ; R N1 and D ; R N2 and R N s R N1 =1 2 1 2
N2 w xR so that N s N q N . To set the stage for their result, recall 61 that1 2
Meier established that for any domain D, there is always a critical
Ž . Ž .exponent p D G 1 for this problem with the property that if p D ) 1c c
Ž .and p g 1, p then no nontrivial, non-negative solution is global while ifc
p ) p , positive, global, small data, solutions always exist.c
w xThe result of 70 then says the following: Suppose one of the factor
domains D is asymptotically regular at infinity in the sense to be giveni
Ž . Ž . Ž .below. Then the critical exponents p D , p D , p D = D satisfyc 1 c 2 c 1 2
1 1 1
s q . 2.19Ž .
p D = D y 1 p D y 1 p D y 1Ž . Ž . Ž .c 1 2 c 1 c 2
A domain is asymptotically regular at infinity if there is a nontrivial
solution of
w s Dw for x , t g D = 0, ‘ ,Ž . Ž .t
w x , t s 0 for x , t g › D = 0, ‘ , 2.20Ž . Ž . Ž . Ž .
w x , 0 s u x G 0 for x g DŽ . Ž .0
Ž . 5 Ž .5 l 1Ž . Ž .such that either i u ?, t g L 0, ‘ for every l ) 0 or else ii there is‘
Ž .l ) 0 such that for every e there is C s C e ) 0 such that
y1 ylye 5 5 ylqeC t F u ?, t F Ct for t G C. 2.21Ž . Ž .‘
Domains that are asymptotically regular at infinity include bounded
domains, cones, cylinders, all of space. It is not known whether or not
every domain is asymptotically regular at infinity. It is not too hard to see
this for all of space. It is a little tricky to see this for cones but this is done
w xin 70 .
There are some interesting and not so interesting consequences of
Ž . Ni2.21 . Clearly when D s R , the result is trivial. However, as a nontriviali
consequence, let D be a cone and set V s D l S Niy1 where S Niy1 isi i i
Ni Ž . Ny1the unit sphere in R . Let V s D = D l S and let v, v denote1 2 i
the first Dirichlet Laplace]Beltrami eigenvalues for the domains V, V .i
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Then one has the following ``addition'' formula for these eigenvalues
2N1
v s v q v q 2 1 q v q y 1(1 2 1 ž /2
2N 12
= 1 q v q y 1 y N N . 2.22Ž .( 2 1 2ž /2 2
Ž w xNote that V is not the Cartesian product of the V . As observed in 70 ,i
Ž .this is the reason that formula 2.22 is not just a simple sum of eigenval-
. Ž .ues. This formula follows from 2.19 , which asserts that in this case,
w xg s g q g , and 54 where it was shown that for any cone,1 2
2
p D s 1 q , 2.23Ž . Ž .c N q gq
Ž .where g is the positive root of v s g g q N y 2 if N G 2. If N s 1,q
w xthen we observe, from Meier's result in 60 , that p s 3 if D s R which isc
Ž . Ž .consistent with p s 1 q 2r 1 q g if g s 0. Also, p s 2 if D s 0, ‘c c
Ž .which is consistent with p s 1 q 2r 1 q g if g s 1.c
From this observation, it follows that if we take N s 2, N s 1,1 2
Ž . < 4  < Ž .4D s r, w a F w F b , r G 0 , V s w w g a , b , and D s R,1 1 2
 4 2 Ž .2  4V s y1, 1 , then v s p r b y a and V s a F w F b , 0 F u F p2 1
is a slice of an orange peel of opening b y a at the equator for which
p 2 p
v s q .2 b y ab y aŽ .
ŽThis follows since we must have g s g q g and, in this case, g s 0 so1 2 2
Ž . . Ž .  4that v s g g q 1 . However, if instead we take D s 0, ‘ , V s 1 ,1 1 2 2
Ž .then g s 1 and V is the upper half or lower half of the slice of an2
orange peel of opening b y a at the equator for which
p 2 3p
v s q q 22 b y ab y aŽ .
Ž .Ž . Žsince now g s 1, g s g q 1, and hence v s g q 1 g q 2 . More-2 1 1 1
over general versions of these ``orange peel'' formulae are also given
w x .in 70 .
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Of further interest is the study of the following reaction]diffusion]con-
vection problem:
u s Dum q a ? =uq q u p for x , t g D = 0, ‘ ,Ž . Ž .t
u x , t s 0 for x , t g › D = 0, ‘ , 2.24Ž . Ž . Ž . Ž .
u x , 0 s u x G 0 for x g D.Ž . Ž .0
Ž . N w x w xHere m, q G 1 and a s a x g R . In 3 and 78 the authors discussed
this problem when D is bounded.
If D is an unbounded domain, several results of Fujita]Hayakawa type
have been established for certain ranges of m and q.
w xFirst, consider the case m s q s 1. In 61 , Meier showed that the
critical exponent p is related to the growth of solutions of a linearc
equation. Specifically, this number is p s 1 q 1rs*, where s* is thec
Žmaximal decay rate for solutions of w s Dw q a ? =w. In this generality,t
however, one cannot determine whether or not p is in the blow-up casec
.since when D is bounded p s 1 and the blow-up case is empty! Bandlec
w x Nand Levine 9 noted that if a is a constant vector and D s R , then
Ž . Ž .p s 1 q 2rN. To see this, let ¤ x q a t, t s u x, t , then ¤ solves ¤ sc t
D¤ q ¤ p. Hence the presence of the convection term does not affect the
large time behavior of solutions. However, the situation is different in
cones. Depending on the direction of a, heat is either transported into the
cone from infinity or carried away to infinity. They showed that if a ? x G 0
for all x in the cone, then p ’ 1.c
w xNext consider the case m s 1, q ) 1. In 1 , Aguirre and Escobedo
showed that when D s R N the critical exponent is
2 2 q
p s min 1 q , 1 q , 2.25Ž .c ž /N N q 1
which is in the blow-up case. Clearly, if 1 - q - 1 q 1rN, then p s 1 qc
Ž .2 qr N q 1 while if q G 1 q 1rN, p s 1 q 2rN. This result can bec
explained as follows: Consider the diffusion]convection equation
w s Dw q a ? =w q for x , t g R N = 0, ‘ ,Ž . Ž .t
2.26Ž .
w x , 0 s u x for x g R N .Ž . Ž .0
Let
N q 1 1¡
if 1 - q - 1 q ,
2 q N~u q , N s 2.27Ž . Ž .
N 1
if q G 1 q .¢2 N
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w x Ž .In 21, 22, 23 , it was shown that all solutions of 2.26 decay with the rate
5 5 Ž yu Žq, N ..w s O t . The decay rate for 1 - q F 1 q 1rN is obtained by‘
studying a family of self-similar solutions while for q ) 1 q 1rN, the large
time behavior of solutions is governed by the heat kernel. We say that
Ž .convection is stronger than diffusion if N q 1 r2 q ) Nr2, i.e., 1 - q -
1 q 1rN. If q G 1 q 1rN we say diffusion is no weaker than convection.
Ž . Ž .Comparing these rates with the blow-up rate 1r p y 1 we obtain 2.25 .
Such a result is also consistent with the physical observation: If diffusion is
no weaker than convection, convection does not make any contribution to
the growth of the solution while if convection is stronger than diffusion,
the solution evolves no longer as in a diffusion equation but rather as in a
convection equation.
The case m ) 1, q ) 1 is relatively difficult to study, although a partial
w x NFujita-Hayakawa result was established by Suzuki. In 81 when D s R ,
Suzuki set
2 q y m q 1Ž .
Up ’ min m q , m q 2.28Ž .m , q ž /N N q 1
Ž . Uand proved the following: If q ) m y 1 and max m, q F p - p , orm , q
if p G q G m q 1rN and p s pU , then all non-negative solutions arem , q
non-global whereas if p ) m q 2rN, there are nontrivial global solutions
Ž .of 2.24 .
One sees that the above result is incomplete because the case for which
m y 1 - q - m q 1rN and pU - p F m q 2rN is not included in them , q
preceding paragraph.
Two related results, each of a different flavor, were obtained recently by
Zhang and Hamada.
w xIn 84 , Zhang studied the following initial value problem:
u s Du q u p q w for x , t g M N = 0, ‘ ,Ž . Ž .t
2.29Ž .
u x , 0 s u x G 0 for x g M N ,Ž . Ž .0
where M N with N G 3 is a non-compact complete Riemannian manifold,
Ž . 1D is the Laplace]Beltrami operator, and w s w x G 0 is a L function.loc
Ž .He proved that p s 1 q 2r g y 2 and that it is in the blow-up case ifc
the Ricci curvature of M N is non-negative, where gr2 is the decay rate of
the fundamental solution of the linear equation u s Du in M N. Such at
Ž .result is interesting because we know that if w x ’ 0, p s 1 q 2rg -c
Ž .1 q 2r g y 2 , which means that the additional linear source term, no
matter how small it is, has the effect of increasing the critical exponent, a
w xresult that we might expect on intuitive grounds. Recently, Pinsky 72
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improved this result in the case M N s R N. In particular, he replaced u p
Ž . p Ž . < < m < <by a x u , where a x G c x for large x and c ) 0.
w x Ž . Ž . Ž . < < sHamada 37 considered problem 2.7 with a x, t s a x s x from
Ž .a different point of view. In the super critical case p ) 1 q 2 q s r
Ž .N q g , he found the critical decay rate of the initial data. Roughlyq
Ž . Ž < <ya .speaking, his result reads as follows: If u x s O x , then every0
Ž . Ž .solution blows up for 0 F a F 2 q s r p y 1 whereas there exits a
Ž . Ž .global solution for a ) 2 q s r p y 1 . This result shows that solution
with slowly decaying initial data are more unstable than those with rapidly
decaying initial data.
Before leaving this section, we want to mention some recent works of
w x w x55 and 4 which are concerned with Fujita-type results for problems with
homogeneous Neumann data.
w x NIn 55 the following result was obtained. Let D be a domain in R
with bounded complement and let N G 3. For the initial-boundary value
problem
u s Du q u p , x , t g D = 0, ‘ ,Ž . Ž .t
=u ? n s 0, x g › D , 2.30Ž .
u x , 0 s u x G 0, x g D ,Ž . Ž .0
where n denotes the outer normal to the boundary of D. Then there are
Ž .no nontrivial global non-negative solutions if 1 - p F 1 q 2rN and
there exist both global, nontrivial and non-global solutions if p ) 1 q 2rN.
In view of the above results, it is natural to consider the corresponding
Neumann problem. At the first glance, it might seem easy to find the
corresponding blow-up result for this problem when p F 1 q 2rN. One
can argue that any non-negative solution of the Neumann problem domi-
nates a solution of the corresponding Dirichlet problem. However, in the
existing literature concerning the blow-up properties of the Dirichlet
problem, some extra assumptions on the growth of solutions near infinity
are always made. Therefore we cannot quote these results directly.
The problem of establishing global existence is also subtle. In general, it
is difficult to find a super solution of a nonlinear equation with Neumann
boundary conditions because the value of the function on the boundary is
not explicitly given. Existence results for the Dirichlet problem are not
helpful because these solutions are dominated by those for the Neumann
w xproblem. Therefore, in 55 a somewhat nonstandard approach to this
problem was made. Unfortunately, it leaves open the exterior problem in
two space dimensions.
w x Ž .Of further interest is a result given in 86 . Zhang revisited 2.30 with
Ž .the homogeneous boundary condition replaced either by u s f x or by
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Ž . Ž .=u ? n s f x for x g › D, where f x is a nontrivial, non-negative func-
tion. Zhang showed that with either boundary condition, the critical
Ž .exponent is the same: p s 1 q 2r N y 2 , which again means that thec
additional linear term has the effect of increasing the critical exponent.
w x Ž Ž ..In 4 , the authors considered in the notation of 2.3 :
< < s m pu s c= ? =u =u q u for x , t g D = 0, ‘ ,Ž . Ž . Ž .t
< < s m=u =u ? n s 0 for x , t g › D = 0, ‘ ,Ž . Ž .
2.31Ž .u x , 0 s u x for x g D ,Ž . Ž .0
where now D is an unbounded, connected open subset of R N for N G 2
with infinite N-dimensional Lebesgue measure and Lipschitz continuous,
non-compact boundary. Suppose also, without loss, that 0 g › G.
Their result is somewhat technical to state in its full generality so we
Žshall concentrate on a sub-case. We also omit some precise technical
Ž .assumptions on what is meant by a solution of 2.31 so the reader is
w xcautioned to consult 4 for further details. Roughly speaking, the standard
Ž . .definitions of a weak solution for 2.31 are assumed to be in force.
 < < 4Let D s D l x - r and letr
< <V r s DŽ . Nr
denote the Lebesgue N-dimensional measure of D . For any G ; R N andr
< <any number k G 0 let G denote the k-dimensional Hausdorff dimensionk
of G. Set, for ¤ ) 0,
< < < < 4l ¤ s inf › G l D N G ; D , G s ¤ , › G Lipschitz .Ž . Ny1 N
Ž . Ž .Assume that there exists a continuous function g ? defined on 0, ‘ such
that
Ž . Ž . Ž .1 0 - g ¤ F l ¤ for ¤ ) 0,
Ž . Ž . ŽNy1.r N Ž .2 v ¤ ’ ¤ rg ¤ is nondecreasing for ¤ ) 0.
Let
z mq 1q2 s
C z sŽ . sq2g zŽ .
Ž .for z G 0. Let c ? denote the inverse of C. Then the authors prove the
following statements.
Ž . yŽ py1. 1Ž .1 If c g L a, q‘ for some a ) 0, then there are global,
Ž . 1Ž .nontrivial, non-negative solutions of 2.31 with small initial data in L D
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qŽ . Ž . Ž . Ž ‘l L D , where q ) N p y s y m r s q 2 . A decay result for the L
Ž . .norm of u ?, t is also given.
Ž . Ž yŽ pysym.rŽsq2..2 If p ) s q m and if for some a ) 0, V z g
1ŽŽ x. Ž .L 0, a , then every nontrivial, non-negative, solution of 2.31 blows up in
finite time on some bounded subset of D provided that for some l g
Ž Ž . Ž ..0, s q 2 r p y s y m there is a non-increasing function x and posi-
tive constants C , C such that1 2
C x r F V r ryl F C x rŽ . Ž . Ž .1 2
Ž .on some interval b, q‘ .
Because this result is so technical as stated, it is perhaps useful to look
at two examples.
Ž .1 The case D is the interior of a generalized paraboloid, i.e.,
N h< <D s x g R x9 - x 4N
Ž . w x Žfor x G 0, where we write x s x9, x and fix some h g 0, 1 . WhenN N
.h s 1 D is a cone while when h s 0 it is a cylinder.
Ž . N2 The case D s R .
For the case of the generalized paraboloid, we have the following from
w x w x Ž .59 as quoted in 4 for all ¤ ) 0 and some appropriate g s g N, h :
h N y 1 N y 1Ž .
ŽNy1.r N h 4g ¤ s g min ¤ , ¤ , where h s F .Ž .
1 q h N y 1 NŽ .
Then the first claim holds, that is, there are global, nontrivial, non-negative
Ž . w Ž .xsolutions if p ) m q s q s q 2 r 1 q h N y 1 . Likewise, the second
Ž . w Ž .x Žclaim holds if p - m q s q s q 2 r 1 q h N y 1 . One takes l s 1 q
Ž . .h N y 1 and x s 1.
N Ž . Ž .Next, consider the case D s R . We see that we can take g z s l z
ŽNy1.r N Ž . Ž .s c z so that v z is a constant and hence c z sN
z1rŽmq2 sq1yŽsq2.Ž Ny1.r N .. Then there are global, nontrivial solutions of
Ž .the Cauchy problem if p ) m q s q s q 2 rN. On the other hand, with
Ž . Ny Žsq2.rŽ pysym. Ž .x z s z , where m q s - p - m q s q s q 2 rN, it
follows that every nontrivial, non-negative solution becomes unbounded in
finite time.
Two observations are in order:
Ž . w x1 The results of 4 tell us two things. First, the critical exponent
Ž .for the cone h s 1 is precisely the same as for the Cauchy problem.
Second, the critical exponent for the Neumann problem may depend on
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w x Ž .geometry also. This is in contrast with the result of 55 for problem 2.30
where D has bounded complement.
Ž . w x2 The results of 4 are silent about whether or not the critical
exponent belongs to the blow-up case.
ŽThe authors also discuss the finite speed of propagation properties of
Ž . .solutions of 2.31 but these need not concern us here.
3. RESULTS FOR EQUATIONS WITH INHOMOGENEOUS
BOUNDARY CONDITIONS
w xIn 31 the following three initial-boundary value problems were dis-
cussed from the point of view of Fujita]Hayakawa-type blow-up theorems:
u s u for x , t g 0, ‘ = 0, ‘ ,Ž . Ž . Ž .t x x
y u 0, t s u p 0, t for t g 0, ‘ ,Ž . Ž . Ž .x 3.1Ž .
wu x , 0 s u x G 0 for x g 0, ‘ ,Ž . Ž . .0
where p ) 1 ’ p ;0
u s um for x , t g 0, ‘ = 0, ‘ ,Ž . Ž . Ž . Ž .x xt
y um 0, t s u p 0, t for t g 0, ‘ ,Ž . Ž . Ž . Ž .x 3.2Ž .
wu x , 0 s u x G 0 for x g 0, ‘ ,Ž . Ž . .0
Ž .where p ) m q 1 r2 ’ p and m ) 1;0
< < my 1u s u u for x , t g 0, ‘ = 0, ‘ ,Ž . Ž . Ž .Ž .t x x x
< < my 1 py u u 0, t s u 0, t for t g 0, ‘ ,Ž . Ž . Ž .x x 3.3Ž .
wu x , 0 s u x G 0 for x g 0, ‘ ,Ž . Ž . .0
Ž . Ž .where p ) 2m r m q 1 s p and m ) 1.0
For these problems, the critical blow-up exponents are, respectively,
p s 2, p s m q 1, p s 2m. 3.4Ž .c c c
w x Ž xIt was shown in 31 that no global positive solution exists for p g p , p0 c
while global, nontrivial positive solutions as well as non-global solutions
Ž . Žexist for every p g p , ‘ . It was also shown that all non-negativec
.solutions are global if p F p . In all three problems, the initial data may0
w .be taken to be of compact support on 0, ‘ .
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The decay rates for these problems are again found by the principle of
ya Ž m.looking for self-similar solutions of the form t f xrt of the problems
u s u for x , t g 0, ‘ = 0, ‘ ,Ž . Ž . Ž .t x x
u 0, t s 0 for t g 0, ‘ ,Ž . Ž .x 3.5Ž .
wu x , 0 s u x for x g 0, ‘ ,Ž . Ž . .0
u s um for x , t g 0, ‘ = 0, ‘ ,Ž . Ž . Ž . Ž .x xt
um 0, t s 0 for t g 0, ‘ , 3.6Ž . Ž . Ž . Ž .x
wu x , 0 s u x for x g 0, ‘ ,Ž . Ž . .0
and
< < my 1u s u u for x , t g 0, ‘ = 0, ‘ ,Ž . Ž . Ž .Ž .t x x x
< < my 1u u 0, t s 0 for t g 0, ‘ ,Ž . Ž .x x 3.7Ž .
wu x , 0 s u x for x g 0, ‘ .Ž . Ž . .0
Ž .The values of a are 1r2, 1r m q 1 , 1r2m, respectively. To see what
Ž . Ž .the blow-up rates are, one has to work harder for 3.2 than for 3.1 or
Ž . Ž .3.3 . Beginning therefore with 3.2 we have, for t ) 0 and sufficiently
smooth solutions which vanish at x s q‘
22 p mu 0, t s u 0, tŽ . Ž . Ž .x
‘
m ms 2 u x , t u x , t dxŽ . Ž . Ž . Ž .H x x x
0
‘
ms 2 u u dxŽ .H x t
0
‘2
mq 1 m ms u 0, t y 2 u x , t u x , t dx. 3.8Ž . Ž . Ž . Ž . Ž . Ž .Ht x x xm q 1 0
If we study this equation in the ``boundary layer'' by setting y s e x and
letting e “ 0q, we formally obtain the ordinary differential equation
u 0, t s c u2 pym 0, t , 3.9Ž . Ž . Ž .t m
Ž .solutions of which, for p ) m q 1 r2, blow up in finite time with blow-up
Ž . Žrate 1r 2 p y m y 1 . This technique for determining the blow-up rate
w x .was used in 26 in the case m s 1.
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Ž . mThe blow-up rate for 3.3 is easily found by scaling. We set x s l y,
Ž . b Ž . Ž .t s lt and ¤ y, t s l u x, t for 3.3 and find that
m p y m
b s , m s .
p m q 1 y 2m p m q 1 y 2mŽ . Ž .
Ž .Setting b s 1r2m yields the correct critical exponent for 3.3 .
Ž .Problem 3.1 can be extended to higher dimensions. We consider the
q Ny1 w . q Ny1following problem in a half space R = R = 0, ‘ . For x g R = R ,
Ž .we write x s x , x , namely toÃ1 1
u s Du for x , t g Rq= R Ny1 = 0, ‘ ,Ž . Ž .t
y u 0, x , t s u p 0, x , t for x , t g R Ny1 = 0, ‘ ,Ž .Ž .Ž . Ž .Ã Ã Ãx 1 1 11 3.10Ž .
u x , 0 s u x G 0 for x g Rq= R Ny1.Ž . Ž .0
w xIn 17 , we showed that the critical exponent is
1
p s 1 q . 3.11Ž .c N
Again this number can be formally determined by the technique of
Ž .comparing the blow-up and decay rates. For the blow-up rate, from 3.9
with m s 1 we have the ordinary differential equation y9 s c y2 py11
which can be loosely interpreted as a differential equation in time for the
Ž .trace of the solution of 3.10 on x s 0. Thus the blow-up rate is1
Ž .1r2 p y 1 . The decay rate for the solutions of w s Dw is still Nr2.t
Ž .Setting them equal then yields 3.11 . Note that this number is smaller
Ž .than that for problem 1.1 . Such a result is to be expected on physical
grounds. Roughly speaking, it is more difficult for a boundary source to
influence the interior growth of the solution than it is for a source term in
the equation to influence this growth. Hence we might expect global,
Ž . Ž .nontrivial solutions over a wider range of p for 3.10 than for 1.1 .
Recently, Hu and Yin extended the result above when the nonlinearity
w xappears in the boundary condition on a convex hyper-surface 41 . The
interesting conclusion of their work is that if the boundary hyper-surface is
diffeomorphic to a hyper-plane, the critical exponent is the same as if it
were a hyper-plane, that is, geometry has less of an effect on the critical
Ž . Ž .exponent in 3.10 than it does in 1.1 .
More recently, they revisited this problem in a sectorial domain in R2
N w x Nand an orthant domain in R 42 . Let D be an unbounded domain in R
with piecewise smooth boundary › D s › D j › D . They considered the1 2
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problem
u s Du for x , t g R N = 0, ‘ ,Ž . Ž .t
› u
ps u for x , t g › D = 0, ‘ ,Ž . Ž .1›n 3.12Ž .
u s 0 for x , t g › D = 0, ‘ ,Ž . Ž .2
u x , 0 s u x G 0 for x g R N ,Ž . Ž .0
where n is the exterior unit normal on › D. For a sectional domain in R2
Ž .with an opening angle u , they showed that p s 1 q 1r 2 q pr2u . For0 c 0
 N <an orthant domain D s x g R x ) 0, . . . , x ) 0, x ) 0, . . . ,s, k 1 s sq1
s k4  < 4  <x ) 0 with › D s D x g D x s 0 and › D s D x g Dk 1 js1 s, k j 2 jssq1 s, k
4x s 0 , they showed thatj
1
p D s 1 q .Ž .c s , k N q k y s
Here k y s is the number of sides of D where the Dirichlet boundarys, k
condition is taken. Such a number is interesting when we compare it with
Ž . Ž .the critical exponent p D s 1 q 2r N q k for the semi-linear equa-c 0, k
tion u s Du q u p with u s 0 on › D. Clearly, as s increases, i.e., as wet
pin the solution down less and less on the boundary, the range of p for
which no global solution is possible increases.
We now turn our attention to the Laplace equation with a dynamical
boundary condition:
Du s 0 for x , t g Rq= R Ny1 = 0, ‘ ,Ž . Ž .
u 0, x , t y u 0, x , t s u p 0, x , tŽ . Ž . Ž .Ã Ã Ãt 1 x 1 11
for x , t g R Ny1 = 0, ‘ , 3.13Ž . Ž .Ž .Ã1
u 0, x , 0 s u x G 0 for x g R Ny1.Ž .Ž .Ã Ã Ã1 0 1
w x Ž .In 2 , Amann and Fila showed that p s 1 q 1r N y 1 . This numberc
can be ``discovered'' by means of the following argument.
Consider the linear problem
Du s 0 for x , t g Rq= R Ny1 = 0, ‘ ,Ž . Ž .
u 0, x , t y u 0, x , t s 0 for x , t g R Ny1 = 0, ‘ ,Ž .Ž .Ž . Ž .Ã Ã Ãt 1 x 1 11 3.14Ž .
u 0, x , 0 s u x G 0 for x g R Ny1.Ž .Ž .Ã Ã Ã1 0 1
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Ž .Let B X be the Banach space of all bounded, uniformly continuous
functions on X with X a nonempty open subset of R N, and let u s Fu beÄ
Ž . Ny1the partial Fourier transform with respect to x g R . It is easily seenÃ1
that
ÃyŽ x qt . < j <1u x , ? , t s e u , x ) 0, t ) 0 3.15Ž . Ž .Ä Ä1 0 1
qŽ Ny1. qŽ .  Ž . < Ž .for all u g L l B R , where B X s w g B X w x G 0 for0 1
4 Ž . Ž < < 2 .1r2 Ny1 5 yN 5y1 Ny 1x g X . Let L x s 1 q x for x g R , c s L ,Ã Ã Ã L ŽR .1 1 1 n 1
and
xÃ11yN yN Ny1p x s t c L , x g R , t ) 0. 3.16Ž .Ž .Ã Ãt 1 n 1ž /t
 4 Ž .Then p ; t ) 0 is the N y 1 -dimensional Poisson kernel. Upon appli-t
Ž .cation of the inverse Fourier transform, 3.15 leads to
u x , ? , t s p )u , x G 0, t ) 0,Ž .1 t 0 1
Ž . 5 Ž .5 Ž yŽ Ny1..which, in conjunction with 3.16 implies that u t s O t as‘
t “ ‘. On the other hand, each solution of y9 s y p blows up with the rate
Ž . Ž .1r p y 1 . Setting 1r p y 1 s N y 1 then yields the critical exponent.
Ž .Our interest in the above problem comes from the fact that 3.13 is
equivalent to an evolution equation of the form
u q A u s u p , t ) 0, u 0 s uŽ . Ž .Ç 0
Ž Ny1.in B R , where A is a pseudo-differential operator of degree 1.
Ž .Therefore, the critical exponent for 3.14 can be viewed as a result of
Fujita]Hayakawa type described in the introduction.
4. RESULTS FOR COOPERATIVE SYSTEMS
OF EQUATIONS
We begin this section by revisiting a system that was briefly discussed in
w x w x50 . In 19 Escobedo and Herrero investigated the initial value problem
for a weakly coupled system
u s Du q ¤ pt
¤ s D¤ q uq for x , t g R N = 0, ‘ ,Ž . Ž .t
u x , 0 s u x G 0Ž . Ž .0
4.1Ž .
¤ x , 0 s ¤ x G 0 for x g R N .Ž . Ž .0
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Set, when pq / 1,
p q 1 q q 1
a s , b s .
pq y 1 pq y 1
Then a , b are the blow-up rates for the components y, z, respectively, of
solutions to the system of ordinary differential equations y9 s z p, z9 s y q.
Ž .The decay rate for the linear ``system'' w s Dw i s 1, 2 is Nr2. Thei t i
w x Ž . Ž .result of 19 for 4.1 takes the same form as for the single equation 1.1
Ž . Ž . Ž .with 1r p y 1 replaced by max a , b . That is, if max a , b G Nr2, then
Ž .no solution is global while if max a , b - Nr2, then there exist both
global and non-global solutions. It is possible to extend this result, in the
Ž .Lipschitz case, to the system 4.1 in a cone or in the exterior of a bounded
Ž w x.domain see 51 . The decay rate for the linear system will, in general, be
different in other geometries. It is also possible to extend this result to a
system of equations with differing diffusivities
u s d Du q ¤ pt
¤ s D¤ q uq for x , t g R N = 0, ‘ ,Ž . Ž .t
u x , 0 s u xŽ . Ž .0
4.2Ž .
¤ x , 0 s ¤ x for x g R N ,Ž . Ž .0
w xwhere 0 F d F 1. In 25 it was shown that for 0 - d - 1, the results are
Ž .the same as for 4.1 while for d s 0, every nontrivial non-negative
solution is non-global.
Such a phenomenon is consistent with our observation: If there is no
diffusion, the source term makes the solution unstable.
Ž .Another natural extension of 4.1 is
k1 < < s1 pu s Du q t x ¤ .t
k 2 < < s2 q N¤ s D¤ q t x u for x , t g R = 0, ‘ ,Ž . Ž .t
4.3Ž .
u x , 0 s u x G 0Ž . Ž .0
¤ x , 0 s ¤ x G 0 for x g R N .Ž . Ž .0
w xIn 64, 82 Fujita]Hayakawa-type results were obtained for k s k s 01 2
and s s s s 0, respectively. Again these results can be formally verified1 2
by comparing the blow-up and decay rates. It would be nice to have a
Ž . Ž .result for 4.3 with all parameters k , s i s 1, 2 included.i i
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Ž . ŽAmong various extensions of the results for 4.1 , results described
. w xbelow were established in 20 for a more general system of the form:
u s Du q u p1¤ q1t
¤ s D¤ q u p2 ¤ q2 for x , t g R N = 0, ‘ ,Ž . Ž .t
u x , 0 s u xŽ . Ž .0
4.4Ž .
¤ x , 0 s ¤ x for x g R N ,Ž . Ž .0
Ž . Ž .where p , q i s 1, 2 are non-negative. One can think of 4.4 as being ai i
Ž .system intermediate between the completely coupled system 4.1 and the
following uncoupled system:
u s Du q u pt
¤ s D¤ q ¤ q for x , t g R N = 0, ‘ ,Ž . Ž .t
4.5Ž .
u x , 0 s u x G 0Ž . Ž .0
¤ x , 0 s ¤ x G 0 for x g R N .Ž . Ž .0
Ž . Ž .One would expect that any result for 4.4 should reduce to that for 4.1 or
Ž .4.5 upon appropriate specialization. However, there is an essential differ-
Ž . Ž .ence between 4.1 and 4.5 , which must be taken into account in any
Ž .more general result. That is, 4.5 is a completely uncoupled system so that
Ž .if ¤ ’ 0, nothing can be said about u. On the other hand, for 4.1 , if
¤ ’ 0 then u ’ 0 and vice versa, since p, q ) 0. A further complication
arises in the general case. Suppose that all four powers are positive. Then
Ž . Ž .¤ ’ 0 satisfies the second equation in 4.4 while if u x / 0, the solution0
of u s Du with u as initial datum satisfies the first equation. Thus theset 0
two observations should be taken into account.
w xIn order to discuss the results of 20 , we assume without loss of
generality that p q q G p q q ) 0. Let2 2 1 1
p q1 1A s p q2 2
Ž . Ž . t Ž .and when det A y I / 0 let a , b be the unique solution of A y I X s
Ž . t1, 1 .
Ž .Suppose that 4.4 is completely coupled so that p q ) 0 and that2 1
u, ¤ ) 0 for t in the existence interval. Then the following result holds.
Ž .1 Suppose that p ) 1.1
Ž . Ž .y1a If p q q y 1 - Nr2, then there are both global and non-1 1
global solutions.
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Ž . Ž .y1b If p q q y 1 G Nr2, then every solution is non-global.1 1
Ž . Ž .2 Suppose that 0 F p F 1 and det A y I / 0.1
Ž . Ž .a If 0 F max a , b - Nr2, then there exist global solutions as
well as non-global solutions.
Ž . Ž .b If max a , b G Nr2, then all solutions are non-global.
The result above is surprising because it shows that if p ) 1, the system1
p1qq 1 Ž . Ž .behaves like the single equation u s Du q u with u x, 0 s u xt 0
while for 0 F p F 1, the effect of coupling enters into the equations, and1
Ž .thus the system behaves like 4.1 .
It is worth noting that the scaling technique for determining blow-up
Ž .rates does not always give the correct blow-up rate. If we set U y, t s
a Ž 1r2 . Ž . b Ž 1r2 . Ž .l u l y, lt , V y, t s l ¤ l y, lt , and ask that U, V satisfy 4.4
Ž .also, then scaling predicts a blow-up rate of max a , b . Indeed, if a , b ) 0,
Ž . p1 q1 p2 q2max a , b is the blow-up rate for y9 s y z , z9 s y z . However, as
Ž .Fila private communication has remarked, the blow-up rate for the ODE
system is not always algebraic. For example, if we take p s p s 2 and2 1
3Ž .2q s q q 1 s 3, then for large z, z9 f cz ln z which cannot have alge-2 1
braic blow-up.
When p q s 0, the corresponding results are more complicated to2 1
state. They are also somewhat peripheral to our discussion and are hence
omitted.
w x NIt is perhaps worth mentioning that most results obtained in 20 for R
are extendible to cones.
Ž .System 4.1 can also be thought of as a special case of
u s Dum q ¤ pt
¤ s D¤ n q uq for x , t g R N = 0, ‘ ,Ž . Ž .t
u x , 0 s u x G 0Ž . Ž .0
4.6Ž .
¤ x , 0 s ¤ x G 0 for x g R N .Ž . Ž .0
w xIn 44, 76 , partial results of Fujita]Hayakawa type were obtained for the
case of fast diffusion 0 - m, n - 1. Specifically, it says that for p, q G 1
Ž . Ž .and pq ) 1, if pq - mn q 2 max n q p, m q q rN, then 4.6 has no
Žnontrivial global solutions while if 0 - m s n - 1 or 0 - m, n - N y
. Ž .2 rN and if pq ) mn q 2 max n q p, m q q rN, then there are bothq
nontrivial global and non-global solutions. For the case of slow diffusion
m, n ) 1, suppose m s n. If one compares the blow-up rates with the
Ž .decay rates, one should expect the following result: For max a , b G
w Ž . xNr N m y 1 q 2 , every nontrivial solution is non-global while if
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Ž . w Ž . xmax a , b - Nr N m y 1 q 2 , there are both global and non-global
solutions. Such a result would be in sharp contrast to that for the case of
fast diffusion.
w x Ž .In 85 , Zhang considered a system of equations similar to that in 2.29 :
u s Du q ¤ p q wt 1
¤ s D¤ q uq q w for x , t g M N = 0, ‘ ,Ž . Ž .t 2
4.7Ž .
u x , 0 s u x G 0Ž . Ž .0
¤ x , 0 s ¤ x G 0 for x g M N ,Ž . Ž .0
where M N with N G 3 is a non-compact complete Riemann manifold, D is
the Laplace]Beltrami operator, and w , w are non-negative L 1 func-1 2 loc
tions. His result states: Let gr2 be the decay rate of the fundamental
N Ž . Ž . Ž .solution of u s Du in M . If max a , b ) g y 2 r2, then problem 4.7t
Ž .possesses no global positive solutions for any nontrivial pair w , w . If1 2
Ž . Ž . Ž .max a , b - g y 2 r2, 4.7 has global solutions for small initial data.
Ž . Ž .The critical case max a , b s g y 2 r2 is in the blow-up case if the Ricci
curvature is non-negative. Again the presence of the source terms in-
Ž .creases the critical exponent for 4.7 .
w xOther related systems have been considered in 56, 57 .
Turning next to systems coupled through the boundary conditions, we
consider the problem
u s Dut
¤ s D¤ for x , t g Rq= R Ny1 = 0, ‘ ,Ž . Ž .t
y u 0, x , t s ¤ p 0, x , tŽ . Ž .Ã Ãx 1 11
4.8Ž .
q Ny1y ¤ 0, x , t s u 0, x , t for x , t g R = 0, ‘ ,Ž .Ž .Ž . Ž .Ã Ã Ãx 1 1 11
u x , 0 s u x G 0Ž . Ž .0
¤ x , 0 s ¤ x G 0 for x g Rq= R Ny1.Ž . Ž .0
Ž . q Ny1 w xHere x s x , x with x g R and x g R . In 17 , we established aÃ Ã1 1 1 1
Ž .result for 4.8 from the point of view of critical exponent. Not surprisingly,
Ž . Ž .this result takes exactly the same form as that for 4.1 with max a , b
Ž .replaced by max a , b where a s ar2, b s br2. Such a difference1 1 1 1
can be explained as follows: In order to determine the blow-up rates for
Ž . Ž .the solutions of 4.8 , we proceed analogously as in 3.8 to obtain a pair of
coupled ordinary differential equations yy9 s c z 2 p, zz9 s c y2 q. The1 2
blow-up rates of y, z are a , b , respectively. The decay rates are still1 1
Nr2. Comparison of these rates then yields the expected Fujita]Hayakawa
Ž .result for 4.8 .
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w xRecently, Hu and Yin 43 extended the result above to a convex domain
Ž . < Ž 4 Ž .of the form D s x , x x ) G x , where x s G x defines a convexÃ Ã Ã1 1 1 1 1 1
surface on R Ny1. Their result is of interest because it shows that a convex
domain other than the half space has the same critical exponent as the
half space.
Finally, we introduce a system coupled partially in an equation and
partially through a boundary condition.
u s Du q ¤ pt
¤ s D¤ for x , t g Rq= R Ny1 = 0, ‘ ,Ž . Ž .t
y u 0, x , t s 0Ž .Ãx 11
4.9Ž .
q Ny1y ¤ 0, x , t s u 0, x , t for x , t g R = 0, ‘ ,Ž .Ž .Ž . Ž .Ã Ã Ãx 1 1 11
u x , 0 s u xŽ . Ž .0
¤ x , 0 s ¤ x for x g Rq= R Ny1.Ž . Ž .0
Ž . Ž . Ž .Problem 4.9 is ``intermediate'' between problems 4.1 and 4.8 . Thus we
might expect the same result but for the ``intermediate'' powers
p q 2 2 q q 1
a s , b s .2 22 pq y 1 2 pq y 1Ž . Ž .
Obviously, a ) a ) a , b ) b ) b . Moreover, a , b are the blow-up2 1 2 1 2 2
rates for the coupled system of ordinary differential equations y9 s z p,
zz9 s y2 q because a , 2b are the blow-up rates for an associated system2 2
of ordinary differential equations y9 s Z pr2, Z9 s 2 y2 q, where Z s z 2.
Thus by comparing the blow-up and decay rates, we may formally obtain
Ž . w xthe Fujita]Hayakawa result for 4.9 , which was established in 24 .
Before leaving this section, we want to mention that the nonexistence
part of a Fujita result can be used to establish blow-up rate results for
w xmany problems. Hu 40 made an initial effort for the heat equation with a
nonlinear Neumann boundary condition on a bounded domain. Later,
w x Ž . Ž . Ž .Chlebik and Fila 13 extended this idea to systems 4.1 , 4.8 , and 4.9 .
5. OPEN PROBLEMS
Here we simply list some of the open problems that have arisen in
consequence of the works cited above.
Ž . Ž .For problem 2.3 no results are known except when s s 0 s m y 1
when both D and its complement are unbounded, as for example when D
BLOW-UP THEOREMS: THE SEQUEL 119
is a cone. The case when s s 0 s m y 1 and D is a cone was first
w x w xconsidered in 8 and discussed more completely in 50 . The relevant
literature is given there.
Ž . p NSince the results of Pinsky for the equation u s Du q a x u in Rt
w x Ž . < < srely so heavily on the iteration arguments of 6 in the case that a x s x ,
one suspects that such arguments will not work very well in the case that
R N is replaced by a cone or by the exterior of a bounded domain. If one is
willing to impose the additional constraints on the solution that were
w ximposed in 8, 53, 54, 61 , then perhaps one can obtain the analogous
results in these domains also.
Ž . NThe results for the nonlocal problem 2.11 seem to be restricted to R .
Ž . NIt may be of some interest to change the domain of 2.11 from R to
some other unbounded domain. In the case of R N with K f L 1 and
b s g , it is not clear whether or not the critical exponent is in the blow-up
Ž .regime. Furthermore, when b / g the number p r is unknown, assum-c
ing that it is even well defined.
w x ŽThe results of 62 depend on the use of lap number intersection]com-
.parison arguments. Since these arguments are essentially one dimensional
in character, they cannot be applied to higher dimensional analogs of the
w xproblem considered in 62 , in general. However, they should be applicable
to radially symmetric versions of such problems.
Interesting questions arise in connection with the product domain result
w x Ž .of 70 . For example, suppose p D belongs to the blow-up case for atc i
Ž .least one of i s 1, 2. Then is p D = D also in the blow-up case?c 1 2
Ž .Suppose this is false, is p D = D in the blow-up case if bothc 1 2
Ž . Ž .p D , p D belong to the blow-up case?c 1 c 2
Secondly, what happens to the critical exponent for product domains if
< < s p < < s1 < < sk pthe nonlinearity is replaced by x u or by x ??? x u where1 k
Ni N N1 Nk Ž .x g D ; R with R s R = ??? = R N q ??? qN s N ?i i 1 k
Ž .For the reaction]diffusion]convection problem 2.24 , comparing the
case m, q ) 1 with the case m s 1, q ) 1, one would expect that the
U Ž .critical exponent should be equal to p given in 2.28 , i.e., if m y 1 - qm , q
U Ž . Ž .- m q 1rN and p s m q 2 q y m q 1 r N q 1 - p F m q 2rN,m , q
Ž .there are nontrivial global solutions of 2.24 .
Ž .Two natural extensions of problem 2.24 are the following two prob-
lems:
u s Du q a ? =ur q ¤ qt
¤ s D¤ q b ? =¤ s q u p for x , t g R N = 0, ‘ ,Ž . Ž .t
5.1Ž .
u x , 0 s u xŽ . Ž .0
¤ x , 0 s ¤ x for x g R NŽ . Ž .0
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and
u s Du q a ? =¤ r q uqt
¤ s D¤ q b ? =us q ¤ p for x , t g R N = 0, ‘ ,Ž . Ž .t
5.2Ž .
u x , 0 s u xŽ . Ž .0
¤ x , 0 s ¤ x for x g R N ,Ž . Ž .0
where r, s G 1, p, q ) 0, and a, b are vector valued functions of x in R N.
Are there Fujita]Hayakawa-type results for such systems? At this stage,
Ž .one can at least predict certain results. First, for system 5.1 , if r s s, then
Ž . Ž .the decay rate is u r, N where u is given by 2.27 . The blow-up rate is
Ž . Ž . Ž . Ž . Ž .max a , b where a ’ p q 1 r pq y 1 and b ’ q q 1 r pq y 1 . Thus
Ž . Ž .one would expect that if max a , b G u r, N , all nontrivial solutions of
Ž . Ž . Ž .5.1 are non-global while if max a , b - u r, N , there are both nontriv-
ial global and non-global solutions. If r / s, one might expect a gap since
the decay rate for solutions of u s Du q a ? =ur is not the same as thatt
s Ž .for solutions of ¤ s D¤ q b ? =¤ unless r, s G 1 q 1rN. For system 5.2 ,t
suppose that one can find the decay rates for the system of the associated
diffusion]convection equations u s D u q a ? =¤ r, ¤ s D¤ qt t
s Ž .b ? =u . Denoting by u r, s, N the decay rate, one would predict that if
Ž Ž . Ž .. Ž . Ž .max 1r p y 1 , 1r q y 1 G u r, s, N no global solutions of 5.2 can
Ž Ž . Ž .. Ž .exist whereas if max 1r p y 1 , 1r q y 1 - u r, s, N , there exist non-
trivial global solutions as well as non-global solutions. More general
systems can be studied if one replaces the convection or reaction terms by
some nonlinear functions of u, ¤ such as uri ¤ si or u pi ¤ qi.
Ž .For the nonlinear system 4.6 , several issues for the case of fast
diffusion remain open: Is the critical case in the blow-up regime? Are the
restrictions on m, n in the global existence statement removable? Is there
a result in the non-Lipschitz case? Currently, nothing is known about the
case of slow diffusion m, n ) 1.
For the system coupled through the boundary conditions, one could
consider a more general problem of the form
u s Dut
¤ s D¤ for x , t g Rq= R Ny1 = 0, ‘ ,Ž . Ž .t
y u 0, x , t s u p1 0, x , t ¤ q1 0, x , tŽ . Ž . Ž .Ã Ã Ãx 1 1 11
y ¤ 0, x , t s u p2 0, x , t ¤ q2 0, x , tŽ . Ž . Ž .Ã Ã Ãx 1 1 11 5.3Ž .
for x , t g R Ny1 = 0, ‘ ,Ž .Ž .Ã1
u x , 0 s u x G 0Ž . Ž .0
¤ x , 0 s ¤ x G 0 for x g Rq= R Ny1.Ž . Ž .0
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Ž .As was done for system 4.4 , one can assume p q q F p q q , and one1 1 2 2
w xshould expect a result very similar to that of 20 . Likewise, analogous
Ž .questions may be raised for a generalized system like 4.9 ,
u s Du q u p1¤ q1t
¤ s D¤ for x , t g Rq= R Ny1 = 0, ‘ ,Ž . Ž .t
y u 0, x , t s 0Ž .Ãx 11
y ¤ 0, x , t s u p2 ¤ q2 0, x , t for x , t g R Ny1 = 0, ‘ ,Ž .Ž .Ž . Ž .Ã Ã Ãx 1 1 11
5.4Ž .
u x , 0 s u xŽ . Ž .0
¤ x , 0 s ¤ x for x g Rq= R Ny1.Ž . Ž .0
Here, however, one has to consider separately the cases p q q G p q q1 1 2 2
) 0 and 0 F p q q - p q q .1 1 2 2
We close this section by proposing the following problem. Consider
u s yL u q ¤ p1t 1
¤ s yL ¤ q u p2 for x , t g R N = 0, ‘ ,Ž . Ž .t 2
5.5Ž .
u x , 0 s u x G 0Ž . Ž .0
¤ x , 0 s ¤ x G 0 for x g R N ,Ž . Ž .0
Ž . Niwhere L i s 1, 2 is a uniformly elliptic second order operator on Ri
Ž . N Ž N1N G 1 viewed as a subspace of R where N s N q N y dim R li 1 2
N2 .R . The coefficients of L are assumed to be independent of time. Leti
Ž . Ž . w xa s p q 1 r p p y 1 . In 52 the following result was established.i i 1 2
Ž .If max a y N r2, a y N r2 - 0 then there are both nontrivial global1 1 2 2
Ž . Ž .solutions and non-global solutions of 5.5 . If max a y Nr2, a y Nr21 2
G 0 then nontrivial solutions are non-global.
If R N1 s R N2 s R N and L s L s yD, then the result above is the1 2
Ž .same as that for 4.1 . However, if N / N, the two inequalities are noti
mutually exclusive. As a simple example, let N s 2, N s N s 1 and1 2
p q Ž .consider u s u q ¤ , ¤ s ¤ q u . Then if max a , b - 1r2, theret x x t y y
exist nontrivial global solutions as well as non-global solutions whereas if
Ž .max a , b G 1, no nontrivial solutions are global. What happens if 1r2 F
Ž .max a , b - 1 is not known. The reason for this discrepancy is probably
due to the fact that the semi-group operator for the linear ``system''
u s yL ut 1
¤ s yL ¤ for x , t g R N = 0, ‘ ,Ž . Ž .t 2
5.6Ž .
u x , 0 s u xŽ . Ž .0
¤ x , 0 s ¤ x for x g R NŽ . Ž .0
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does not have a well-defined decay rate in time. For example, if N s 3,
Ž .N s 1, N s 2 and L u s yu while L ¤ s y ¤ q ¤ , each compo-1 2 1 x x 2 y y z z
Ž5 Ž .5 5 Ž .5 .nent of the solution has its own decay rate, namely, u ?, t , ¤ ?, t ;‘ ‘
Ž y1r2 y1. Ž .t , t , so that a single decay rate cannot be assigned to 5.6 .
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